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Abstract
We obtain mass and angular momentum of black holes as conserved charges in three dimensional
new massive gravity, after presenting the explicit expression for the potential of the conserved
charges. This confirms the expression of those charges obtained in several ways, in particular
through AdS/CFT correspondence, and shows us that the first law of black hole thermodynamics
is valid in these black holes. We also comment about conserved charges in new type black holes
with the emphasis on the AdS/CFT correspondence as guiding principle.
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1 Introduction
Three dimensional pure Einstein gravity is non-dynamical and seems not so relevant to our dy-
namical four dimensional gravity. Despite of this apparent irrelevance, three dimensional gravity
becomes an interesting arena toward understanding some aspects of gravity and testing various
ideas about black holes, since it may contain black holes and have a dual description through
AdS/CFT correspondence. Furthermore, when additional terms such as higher curvature terms
are added, its physical contents become richer and it has some interesting aspects in the viewpoint
of AdS/CFT correspondence. The higher curvature terms in three dimension make gravitons
propagate and open a new window of the AdS/CFT correspondence.
Gravitational Chern-Simons term is one of interesting correction terms, for which it has long been
known that three dimensional pure gravity with this term [1][2] leads to massive gravitons, allows
black hole solutions, and also has a string theory embedding [3]∼[10] . This three dimensional
gravity with Chern-Simons term has been called topologically massive gravity(TMG). This TMG
has also been investigated in the viewpoint of AdS/CFT correspondence(See [11]∼[14]). Recently,
another type of three dimensional massive gravity theory with a specific combination of higher
curvature terms has been explored (see for a review [15]∼[19]), which is called new massive grav-
ity(NMG). The simplest version of this theory contains a specific combination of scalar curvature
square and Ricci tensor square, and it preserves parity symmetry contrary to TMG. It has also
been shown that this NMG allows various black holes [16]∼[25] and also has another realization of
the AdS/CFT correspondence.
Though there are several studies on black holes in NMG, far less is known than those in TMG.
Mass and angular momentum of black holes are not obtained as conserved charges and the so-called
new type black holes found in NMG are not so well understood, yet. In this paper, we obatin mass
and angular momentum as conserved charges on various black holes and then resolve some issues
on new type black holes.
There are several methods to define mass and angular momentum of black holes for higher
curvature theories, for example as in [26]∼[33]. One of the easiest way to obtain those in the
case of asymptotically AdS space is to resort to AdS/CFT correspondence. Specifically, in the
three dimensional case the mass and angular momentum of asymptotically AdS black holes can be
obtained by
M = EL +ER , J = L(EL − ER) , (1)
where EL, ER are left and right energies of the dual CFT and L is the AdS radius. In terms of the
central charges of dual two dimensional CFTs, these energies can be related to the left and right
black hole temperatures as EL = π
2L/6 · cLT 2L, ER = π2L/6 · cRT 2R, and central charges of the
conjectural dual CFTs can also be obtained from black hole solutions through the Cardy formula.
Therefore, the above formulae mean that mass and angular momentum can be obtained purely
from gravity data without CFT. For warped AdS black holes, those should be read as
M =
√
3β4
4β2 − 1
√
2cLEL
3L
, J = L(EL − ER) , (2)
where β is the warp factor.
1
These formulae for obtaining mass and angular momentum through AdS/CFT correspondence
are consistent with the first law of black holes thermodynamics by construction. These formulae
also hold in TMG for the same kind black holes, and can be shown to be identical with those
obtained as conserved charges. One of our main results is to verify these formulae in NMG by
obtaining mass and angular momentum of black holes as conserved charges in the purely gravity
context, which can also be understood as verification of the first law of black hole thermodynamics
for these black holes in NMG.
In NMG there are new black hole solutions, so-called new type black holes, in addition to the above
mentioned (warped) AdS black holes [16]. Though these solutions are obtained analytically, a deep
understanding of their physical properties is still lacking. One of motivations to study conserved
charges of black holes in this paper is to improve this situation in these black holes, keeping in
mind AdS/CFT correspondence as the guiding principle.
The asymptotic of new type black holes in NMG is AdS space, which is identical to the asymptotic
of BTZ black holes. Therefore, according to the standard AdS/CFT correspondence, new type
black holes and BTZ black holes should correspnd to the related dual CFTs, while the dual CFTs
need not be completely identical. In particular, the central charges obtained from new type black
holes and BTZ black holes should be matched for a suitable adjustment of parameters which is
necessary for the existence of new type black holes in the gravity Lagrangian. This matching of
the central charges was confirmed as that is the case in Ref. [33]. It seems that this correspondence
allows one to obtain conserved charges for new type black holes through the formulae for the BTZ
case Eq. (1). However, mass of new type black holes obtained as conserved charge in [24] is not
consistent with this argument. We will resolve this issue by reexamining mass of new type black
holes as conserved charge by comparing the procedure in the warped AdS black hole case.
The following sections are organized as follows. In section 2, we briefly review the so-called
ADT currents, potential and charges [26][27][28], and present their explicit expressions for NMG.
We give the generic expression of the ADT potential for scalar curvature square and Ricci tensor
square, which is applicable in any dimension. We obtain the vector expression for ADT charges,
in SL(2,R) reduction formalism, of (warped) AdS black holes and its relation with super angular
momentum in section 3. In this section, we present mass and angular momentum of black holes as
conserved charges. This confirms the suggested expression for these charges and verifies the first
law of black hole thermodynamics. In section 4, we comment on conserved charges for new type
black holes. In the final section, we summarize our results with some comments on our approach
and on the open issues. Some calculational details are given in the Appendices.
2 Conserved Charges in New Massive Gravity
Usually, it is not so straightforward to define conserved charges in a theory with general covariance,
since the concept of conservation requires the choice of time coordinate but general covariance
denies the preferred time coordinate. However, for asymptotically fixed spacetime, it seems to
be manageable to define time coordinate in a canonical way. For instance, asymptotically flat
spacetime allows so-called ADM formalism. In the case of asymptotically AdS spacetime, one needs
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to devise another approach. In the following subsection, we will review the approach pioneered by
Abbott, Deser and Tekin (ADT) [26][27][28], and successfully applied to the TMG case [6][34]. In
the next subsection, we present our results of ADT charges in the NMG case.
2.1 Review: ADT formalism
One way to define conserved charges in gravity theory is to construct covariantly conserved currents
and to integrate these currents. In this subsection, we review the so-called ADT currents, ADT
charges and their construction in terms of the linearized Bianchi identity and a Killing vector. This
process with minimum assumption in TMG is given in [6], which is adopted and presented in our
convention.
An arbitrary metric, gµν can be expanded around the background metric g¯µν as
gµν = g¯µν + hµν ,
where the background metric will be taken as the solution of equations of motion (EOM)
Eµν(g¯) = 0 . (3)
In the following, we will call the left hand side expression of the above equation, Eµν , as the EOM
expression. Note that the EOM expression need not vanish for a generic metric gµν .
For any kind of gravitational theory without matter, the general covariance of gravity leads to
the following differential Bianchi identity for an arbitrary metric gµν as
∇µEµν = 0 ,
which imposes the linearized Bianchi identity on the linearized EOM expression, δEµν , through
EOM for the background metric g¯µν , as
∇¯µδEµν = 0 . (4)
Note that this expression is nothing but the equation for the covariant conservation except that
the conserved quantity is a symmetric tensor, not a vector. From now on, the bar notation is
dropped and so the covariant derivatives and curvatures are referred to the background metric for
our convenience.
The ADT currents are defined by the contraction of the linearized EOM expression, δE and a
Killing vector ξ as
Jµ ≡ δEµνξν . (5)
One can see that these currents are conserved covariantly by the linearized Bianchi identity of
δEµν and the Killing property of ξν . Under EOM of the background metric, antisymmetric tensor
potential, Qµν for this current can defined by
Jµ = ∇νQµν , (6)
3
which guarantees current conservation by the antisymmetric property of the potential Qµν . Though
this is a legitimate way to obtain the potential of currents, it is not convenient one, since we should
impose EOM to define the potential.
The current, itself, may be defined without EOM although its conservation requires EOM, and
it is not so favorable to use EOM for a generic higher curvature theory. Therefore, it is desirable
to define the potential, Q without EOM. That is to say, the potential needs to be defined for a
generic background. This can be achieved by defining the antisymmetric tensor potential, Qµν for
the current as [6]
Jµ = δEµνξν ≡ −Eµαhανξν + 1
2
ξµEαβhαβ − 1
2
hEµν ξν +∇νQµν , (7)
which reduces the previous definition of the potential when EOM is imposed.
Noting
δEµνξν = −hµαEανξν − Eµαhανξν + gµαδEανξν ,
one can see that
gµαδEανξν = hµαEανξν + 1
2
ξµEαβhαβ − 1
2
hEµν ξν +∇νQµν . (8)
This is the form that we will utilize to obtain the ADT potential and subsequently ADT charges.
In terms of this potential for the current, ADT charges for a Killing vector ξ is given by
Q(ξ) =
1
2κ2
∫
dΣµνQ
µν(ξ) , (9)
where 2κ2 = 16πG is the Newton’s constant.
Using the ADT potential and denoting time, radial and angle coordinates as (t, r, φ), one obtains
mass and angular momentum in the three dimensional case of our interest as
M =
1
4G
√− det g Qrt(ξT )
∣∣∣∣
r→∞
, J =
1
4G
√− det g Qrt(ξR)
∣∣∣∣
r→∞
, (10)
where ξT and ξR denote the time translational and rotational Killing vector, respectively. Note
that the normalization of Killing vectors has effects on the overall scale of conserved charges. So,
we will adopt the convention used in [33] such that in the case of asymptotic AdS space of the
radius L normalized at the spacelike infinity as ξ2T → −r2 and ξ2R → L2r2 with gtt → −L2r2 and
gφφ → L2r2, Killing vectors are taken as
ξT =
1
L
∂
∂t
, ξR =
∂
∂φ
,
which is the convention we will use in the following.
We will illustrate the above procedure for the Einstein-Hilbert term with cosmological constant
in the Lagrangian, L = R+ 2
l2
. The metric variation leads to EOM expression as
Eµν = Rµν − 1
2
gµν
(
R+
2
l2
)
.
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To obtain the ADT potential for ADT currents, we compute the linearized EOM expression with
the contraction of a Killing vector ξ in Eq. (8) as
gµρξνδERρν = −
1
2
hµν ξ
ν
(
R+
2
l2
)
+ gµρξν
(
δRρν − 1
2
gµνδR
)
.
For our convenience, let us introduce
Iµν ≡ δRµν − 1
2
gµνδR , (11)
which satisfies
Iµνξν = gµα(δRαβ −
1
2
gαβδR)ξ
β
=
1
2
ξν
(
∇α∇µhνα +∇α∇νhµα −∇2hµν −∇µ∇νh
)
− 1
2
ξµ
(
∇α∇βhαβ −∇2h− hαβRαβ
)
.
After combining terms to form antisymmetric total derivatives through Leibniz’s rule, one obtains
Iµνξν = ∇νQµνR +
1
2
ξµhαβR
αβ +
1
2
h∇2ξµ + 1
2
ξν [∇α,∇ν ]hµα +
1
2
hνα∇ν∇µξα − 1
2
hµα∇2ξα , (12)
where
QµνR ≡ ξα∇[µhν]α − ξ[µ∇αhν]α − hα[µ∇αξν] + ξ[µ∇ν]h+
1
2
h∇[µξν] . (13)
Using the properties of Killing vectors and the definition of Riemann tensors, one obtains
Iµνξν = ∇νQµνR + hµαRανξν +
1
2
ξµRαβhαβ − 1
2
Rµν ξ
νh . (14)
As a result, one can see that
gµρξνδERρν = hµαERανξν +
1
2
ξµEαβR hαβ −
1
2
hEµR νξν +∇νQµνR ,
and that the ADT potential for Einstein-Hilbert terms is given by the above QµνR .
2.2 ADT Potential in NMG
Now, let us consider ADT potentials in NMG. We will consider the simplest version of NMG of
which action is given by1[19]
S =
η
2κ2
∫
d3x
√−g
[
σR+
2
l2
+
1
m2
K
]
, (15)
where η and σ take 1 or −1, and K is defined by
K = RµνR
µν − 3
8
R2 . (16)
1We have introduced η for the various sign choice of terms in the action.
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Our convention is such that m2 is always positive but the cosmological constant l2 has no such
restriction. The EOM of NMG is given by
Eµν = η
[
σGµν − 1
l2
gµν +
1
2m2
Kµν
]
= 0 , (17)
where
Kµν = gµν
(
3RαβR
αβ − 13
8
R2
)
+
9
2
RRµν − 8RµαRαν +
1
2
(
4∇2Rµν −∇µ∇νR− gµν∇2R
)
. (18)
Since the ADT potential is additive, it is sufficient to present the ADT potential for K-term. The
ADT potential for the K-term may also be obtained by adding the contribution from R2 term and
R2 ≡ RµνRµν term. In the following we present the ADT potential for R2 and R2, respectively.
At this stage our results are independent of dimension. Now, let us consider each contribution
separately. For the R2 term, the EOM expression is given by
ER2µν = 2
[
RRµν + gµν∇2R−∇µ∇νR
]
− 1
2
gµνR
2 . (19)
It is straightforward to obtain its variation as
1
2
δER2µν = hµν
(
∇2R− 1
4
R2
)
+ δRRµν + gµν∇2δR −∇µ∇νδR +RIµν
+gµν
[
− hαβ∇α∇βR− gαβδΓναβ∇νR
]
+ δΓαµν∇αR .
Noting that
ξµ∇2δR − ξν∇µ∇νδR = ∇ν
[
2ξ[µ∇ν]δR+ δR∇[µξν]
]
− δRRµν ξν , (20)
one can see that
1
2
gµαδER2αβ ξβ = ∇ν
[
2ξ[µ∇ν]δR+ δR∇[µξν]
]
+ hµν ξ
ν
(
∇2R− 1
4
R2
)
+RIµνξν
−ξµ
[
hαβ∇α∇βR+ gαβδΓναβ∇νR
]
+ gµρξνδΓαρν∇αR , (21)
Using the following formula
−ξµ
[
hαβ∇α∇βR+ gαβδΓναβ∇νR
]
+ gµρξνδΓαρν∇αR
= −∇ν
[
ξ[µhν]α∇αR
]
+QµνR ∇νR− hµαξν∇α∇νR+
1
2
hξν∇µ∇νR− 1
2
ξµhαβ∇α∇βR ,
and recalling the identity (14) with Leibniz’s rule, one can see that the ADT potential for the
contribution of R2 term is given by
Qµν
R2
= 2RQµνR + 4ξ
[µ∇ν]δR+ 2δR∇[µξν] − 2ξ[µhν]α∇αR . (22)
where QµνR is defined in Eq. (13) and δR means that
δR ≡ −Rαβhαβ +∇α∇βhαβ −∇2h .
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Now, let us turn to the contribution of R2 ≡ RµνRµν term to the ADT potential in K-term. The
EOM expression of R2 term is given by
ER2µν = −2RµαβνRαβ +∇2Rµν −∇µ∇νR+
1
2
gµν
(
∇2R−RαβRαβ
)
, (23)
and its variation is
δER2µν =
1
2
hµν
(
∇2R−RαβRαβ
)
− 2(δRµαβνRαβ +RµαβνδRαβ)− 1
2
gµνδ(RαβR
αβ) (24)
+gµν∇2δR −∇µ∇νδR +∇2Iµν −∇α(hαβ∇βRµν) + 1
2
∇αh∇αRµν + Fµν
−2δΓβαµ∇αRβν − 2δΓβαν∇αRβµ +
1
2
gµν
[
−∇α(hαβ∇βR) + 1
2
∇αh∇αR
]
+ δΓαµν∇αR ,
where
Fµν ≡ −∇αδΓβαµRβν −∇αδΓβανRβµ . (25)
To obtain ADT potential according to (8) in the squared Ricci curvature case, let us write the
contraction of linearized EOM expression with a Killing vector as
gµρδEρνξν = 1
2
hµν ξ
ν
(
∇2R−RαβRαβ
)
+ Eµ1 +E
µ
2 + E
µ
3 + E
µ
4 + E
µ
5 , (26)
where
Eµ1 ≡ −2gµρξνδ(RραβνRαβ)−
1
2
ξµδ(RαβR
αβ)− 2ξνδΓβαν∇αRµβ ,
Eµ2 ≡ ξµ∇2δR − ξν∇ν∇µδR + ξν∇2Iµν − gµρξνRνβ∇αδΓβαρ − ξνRµβ∇αδΓβαν ,
Eµ3 ≡ −2gµρξνδΓβαρ∇αRβν − ξν∇α(hαβ∇βRµν ) ,
Eµ4 ≡ −
1
2
ξµ∇α(hαβ∇βR) + gµρξνδΓαρν∇αR ,
Eµ5 ≡
1
2
ξν∇αh∇αRµν +
1
4
ξµ∇αh∇αR .
Collecting various contributions from each Eµa term which can be obtained by using formulae in
the Appendix A, one can obtain the contribution of the squared Ricci curvature R2 = RµνR
µν to
the ADT potential as
QµνR2 = 2ξ
αRβ[µ∇βhν]α − 2ξαRβ[µ∇ν]hαβ + 2Rαβξ[µ∇ν]hαβ − 2Rαβξ[µ∇αhν]β + 2hαβ∇α(ξ[µRν]β )
+Rµναβξ
α∇γhγβ − 2ξγR αβ[µγ ∇αhν]β + 2ξγR αβ[µγ ∇ν]hαβ
+∇2QµνR +RµναβQαβR + 2Qα[µR Rν]α + 2ξ[µ∇ν]δR− 2ξαR[µα∇βhν]β − 2∇αξβ∇α∇[µhν]β
+2ξβhα[µ∇αRν]β − ξ[µhν]α∇αR
+2Rαβh
α[µ∇ν]ξβ − 2hαβR αβ[µγ ∇ν]ξγ
−Rµναβξ[α∇β]h+ ξαR[µα∇ν]h+ ξ[µRν]α∇αh− 2hR[µα∇ν]ξα . (27)
Using three dimensional identity, Rµναβ = 2(δ
[µ
α R
ν]
β − δ[µβ Rν]α )−Rδ[µα δν]β , one may rewrite QµνR2 as
QµνR2 = ∇2Q
µν
R +
1
2
Qµν
R2
− 2Qα[µR Rν]α − 2∇αξβ∇α∇[µhν]β − 4ξαRαβ∇[µhν]β −Rh[µα∇ν]ξα
+2ξ[µRν]α∇βhαβ + 2ξαRα[µ∇βhν]β + 2ξαhβ[µ∇βRν]α + 2hαβξ[µ∇αRν]β
−(δR + 2Rαβhαβ)∇[µξν] − 3ξαR[µα∇ν]h− ξ[µRν]α∇αh . (28)
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One of our main results is the explicit expression for the ADT potential for the K-term in NMG,
which is given by the sum of two expressions in Eq. (22) and Eq. (28) as
QµνK = Q
µν
R2
− 3
8
Qµν
R2
. (29)
In the following sections, we give the ADT potential QµνR and Q
µν
K for each Killing vector, ξT and
ξR on various black holes. The mass and angular momentum obtained by these potentials confirm
suggested expression for those quantities.
3 Mass and Angular Momentum as Conserved Charges
In this section we will relate ADT charges or potential to super angular momentum by Clement.
Before presenting our results, we review for completeness briefly SL(2,R) reduced action method
which is useful particularly for the three dimensional gravity [20][35][36] After that, we present
the so-called correction term to mass in super angular momentum formalism by using the explicit
expression of ADT potential.
3.1 SL(2,R) Reduction Method
Let us take the three dimensional metric ansatz as
ds2 = λab(ρ)dx
adxb +
dρ2
ζ2U2(ρ)
, xa = (t, φ). (30)
where all variables are functions only of the radial coordinate ρ. By the reparametrization invariance
with respect to ρ coordinate, function U may be chosen such that the condition detλ = −U2 is
satisfied. This choice implies that
√−g = 1/ζ. This metric ansatz reduces the given generally
covariant Lagrangian to the SL(2,R) ≃ SO(1, 2) invariant one. This means that the relevant
variables becomes the SO(1, 2) three dimensional vectors and differential geometric calculation
reduces to the vector calculus. In particular, Einstein equations reduces to the equations obtained
by the variation with respect to the two dimensional metric λ and the one with respect to ζ. These
equations are called EOM and Hamiltonian constraint, respectively in this SL(2,R) reduction
formalism. Using the vector expression for EOM, one may integrate EOM to obtain some conserved
quantities, which is the analog of angular momentum in mechanical problem: This quantity is
named as super angular momentum [3].
Explicitly, one may parameterize generic symmetric two by two matrix λ as
λab =
(
X0 +X1 X2
X2 X0 −X1
)
,
and associate a SO(1, 2) three dimensional vector X = (X0,X1,X2) with this matrix. Conversely,
the associated matrix with a vector X is denoted by 〈X〉 and given explicitly by
〈X〉 = τ ·X =
(
−X2 −X0 +X1
X0 +X1 X2
)
,
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where
τ0 =
(
0 −1
1 0
)
, τ1 =
(
0 1
1 0
)
, τ2 =
(
−1 0
0 1
)
.
Note that X2 = − detλ = U2. Then, the above matrix λ can be written as λ = τ0〈X〉 and its
inverse is given by λ−1 = −U−2〈X〉τ0. In terms of λ and U , the connections of the above metric
ansatz is given by
Γρab = −
ζ2
2
U2λ′ab , Γ
b
ρa =
1
2
(λ−1λ′)ba , Γ
ρ
ρρ = −
U ′
U
, ( ′ ≡ d
dρ
)
which are subsequently written in terms of X and its derivatives. All other relevant differential
geometric quantities such as the deviation metric h and curvatures can be written in terms of vector
X and its derivatives. For this purpose, it is useful to define the inner and cross product of SO(1, 2)
vectors in the standard way as
A ·B = ηijAiBj , (A×B)i = ηimǫmjkAjBk , (ǫ012 = 1)
and note that the product of two matrices dual to vectors A and B is given by
〈A〉〈B〉 = (A ·B)1+ 〈A×B〉 .
For instance, one can see that2,
hab = (λ
−1δλ)ab =
δU
U
+
1
U2
〈Σ〉 , hρρ = −2
δU
U
,
λ−1λ′ =
U ′
U
+
1
U2
〈L〉 , λ′λ−1 = τ0
[
− U
′
U
+
1
U2
〈L〉
]
τ0 ,
where L and Σ are defined by
L ≡ X×X′ , Σ ≡ X× δX .
Some other vector representation of geometric quantities and useful vector identities are given in
the Appendix B.
For the given metric, the Killing vector is taken as ξµ ≡ (ka, 0), which include ξT and ξR as the
special cases. For this Killing vector, one obtains
∇ρξa = −∇aξρ = 1
2
(kλ′)a , ∇aξb = 0 .
Now, one can see that the ADT potentials for Einstein-Hilbert term, of which specific component
leads to mass and angular momentum, are given by
QabR = 0 ,
QρaR =
ζ2
2
U2
[
kλ
(
∇µhµρ + (λ−1δλ)′ + 2
δU
U
λ−1λ′
)
λ−1
]a
=
ζ2
2
[
− k (X · δX′) + kτ0〈δL〉τ0
]a
, (31)
2From now on, we will drop the identity matrix notation, 1 just for notational convenience.
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where we used various formulae given in the Appendix B. Note also that
δR ≡ ∇µ∇νhµν −∇2h−Rµνhµν = −ζ2
[
3X′ · δX′ + 2X · δX′′ + 2δX ·X′′
]
. (32)
Since the vector representation of the ADT potential for K term is somewhat involved, calcula-
tional details are relegated to the Appendix C. Collecting all the terms in Appendix C and using
vector identities in the Appendix B, one can obtain the vector representation of the ADT potential
for K term and then see that
η
[
σQρtR +
1
m2
QρtK
]
ξT
=
1
L
[
− ζ
2
2
δJ2 +∆Cor
]
, (33)
η
[
σQρtR +
1
m2
QρtK
]
ξR
=
ζ2
2
δ(J0 − J1) , (34)
where J = (J0, J1, J2) is given by
J = η
(
σ L+
ζ2
m2
[
2L× L′ +X2 L′′ + 1
8
(
X
′2 − 4X ·X′′
)
L
])
. (35)
The above J vector is the so-called super angular momentum in NMG, and ∆Cor is the so-called
correction term to mass. The correction term to mass is composed of two parts, one of which comes
from Einstein-Hilbert term and the other from K-term as
∆Cor = ∆R +∆K . (36)
Each term is given by
∆R = ησ
ζ2
2
[
− (X · δX′)
]
, (37)
∆K = η
ζ4
m2
[
− U2(X′′ · δX′) + U
2
2
[
(UδU)′′′ − (X · δX′)′′ − 1
2
(X′ · δX′)′
]
(38)
− UU
′
4
[
(UδU)′′ − 5
2
(X′ · δX′)
]
+
[
X
′2 − (UU ′)′
]
(UδU)′ + UU ′ (X′′ · δX)
+
[5
4
(UU ′)′ − 21
16
X
′2
]
(X · δX′) +
[
− 1
2
(UU ′)′′ +
9
4
(X′ ·X′′)
]
UδU
]
.
Finally, mass and angular momentum in NMG can be obtained by
M =
1
4G
√− det g η[σQrtR + 1m2QrtK
]
ξT , r→∞
, (39)
J =
1
4G
√− det g η[σQrtR + 1m2QrtK
]
ξR, r→∞
. (40)
The above super angular momentum has been obtained by integrating the EOM of NMG once,
as [20]
J = L− ζ
2
m2
[
X
2(X×X′′′ −X′ ×X′′) + 2(X ·X′)L′ +
(1
8
X
′2 − 5
2
X ·X′′
)
L
]
, (41)
which is identical with the above form of the super angular momentum under the choice3 of η =
σ = −1 as one can verify from the vector identities in the Appendix B.
3This is the sign choice in [20]. From now on, this sign choice is assumed for the WAdS3 case.
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3.2 Mass and Angular momentum of BTZ and Warped AdS3 Black Holes
Through the SL(2,R) reduction, black hole solutions may be represented in terms of a SO(1, 2)
vector X. More explicitly, the EOM and Hamiltonian constraint in the NMG case given as (2.14)
and (2.15) in [20] can be solved by a suitable choice of a vector X, which in turn leads to black
hole solutions. Since BTZ and three dimensional warped AdS (WAdS3) black holes are already
obtained in this way [6][5], we give their corresponding vectors in the following and then present
their mass and angular momentum.
Using SO(1, 2) vectors corresponding BTZ andWAdS3 black holes, we present mass and angular
momentum for each black holes. First, BTZ black holes can be represented by4
X = ρη + ξ . (42)
where
η = (0,−L2, 0) , ξ =
(L2
2
(ρ+ + ρ−),
L2
2
(ρ+ + ρ−), L
2√ρ+ρ−
)
. (43)
This vector X with ζ2 = 4/L6 leads to BTZ metric as
ds2 = L2
[
− (ρ− ρ+)(ρ− ρ−)
ρ
dt2 + ρ
(
dφ+
√
ρ+ρ−
ρ
dt
)2
+
dρ2
4(ρ− ρ+)(ρ− ρ−)
]
, (44)
and super angular momentum as
J = η
[
σ +
ζ2
8m2
η2
]
(ξ × η) = η
(
σ +
1
2m2L2
)[
L4
√
ρ+ρ−ǫ1 − L
4
2
(ρ+ + ρ−)ǫ2
]
, (45)
where ǫ1 = (1, 0, 0) and ǫ2 = (0, 0, 1). One may note that EOM and Hamiltonian constraint lead
to L2 = l2/2 · (σ ±√1− 1/m2l2) in this case.
To obtain WAdS3 black holes, one takes the SO(1, 2) vector X as
X = ρ2α+ ρβ + γ ,
where α,β,γ can be chosen as
α =
(
1
2 ,−12 , 0
)
, β =
(
ω,−ω,−1
)
, γ = 2uα+ (1− β2)
(
1
2 ,
1
2 ,−ω
)
.
Here, u is defined as 2u ≡ (1 − β2)ω2 + β2ρ201−β2 . These vectors form a SO(1, 2) basis and satisfy the
following properties
α2 = 0 , β2 = 1 , γ2 = −β2ρ20 , α · β = 0 , α · γ = −
1
2
(1− β2) , β · γ = 0 ,
α× β = −α , β × γ = 2β
2ρ20
1− β2α− γ , γ ×α =
1
2
(1− β2)β .
4This is not unique choice for two vectors, since one may perform SO(1, 2) transformation to these.
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This SO(1, 2) vector X leads to the WAdS3 black holes metric as [3][20]
ds2 = −β
2(ρ2 − ρ20)
Z2
dt2 +
dρ2
ζ2β2(ρ2 − ρ20)
+ Z2
(
dφ− ρ+ (1− β
2)ω
Z2
dt
)2
, (46)
where Z2 is defined by
Z2 = ρ2 + 2ωρ+ (1− β2)ω2 + β
2ρ20
1− β2 , (47)
and to satisfy the Hamiltonian constraint in this case, ζ should be taken as ζ2/m2 = 8/(21− 4β2).
Note that for this vector X one obtains
L =
(
ρ2 − 2β
2ρ20
1− β2
)
α+ (1− β2)ρβ + γ , L× L′ = (1− β2)X . (48)
The background metric and the related basis vectors αB ,βB ,γB can also be defined by setting
ω = ρ0 = 0 in the above expression and, satisfies the similar properties.
Before presenting the result about mass and angular momentum of BTZ and WAdS3 black holes
in NMG, we need some remarks to clarify the super angular momentum approach focusing on
the BTZ case of pure Einstein-Hilbert gravity with cosmological constant. The super angular
momentum of pure Einstein-Hilbert gravity is simply given by
L = X×X′ .
Since this is obtained by integrating EOM once in the vector representation and can be shown to
be conserved, in general it may contain the non-linear effects. That is to say, at the non-linear
level, conserved charges are related to subtraction of the background values from the black hole
ones
∆L ≡ L− LB = ∆X×X′B +XB ×∆X′ +∆X×∆X′ .
Since X is already linear in some sense, the linearized version of this subtraction in super angular
momentum, which will be denoted as δL, may be taken as the sum of the first two terms in
the above expression for ∆L. Incidentally in the BTZ case, the last term vanishes automatically
and there is no difference between linear and non-linear version. Noting that the contribution of
correction terms to mass vanishes in the case of BTZ black holes , one can see that mass and
angular momentum of BTZ black holes are given by
M =
ρ+ + ρ−
8G
η
(
σ +
1
2m2L2
)
, J =
L
√
ρ+ρ−
4G
η
(
σ +
1
2m2L2
)
, (49)
which is consistent with the results from other methods [33]
However, the situation is different in the case of WAdS3 black holes. To get the correct angular
momentum in this case, one should consider the full non-linear effects. Therefore, one should
elevate the expression of the ADT potential for angular momentum in Eq. (34) to the non-linear
subtraction form. Concretely, the angular momentum expression is read as
J =
1
4G
√− det g[ζ2
2
∆(J0 − J1)
]
. (50)
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It is interesting to note that this procedure has no effect on mass computation. As we will see in
the next section, it turns out that even mass needs non-linear correction in new type black holes.
One way to understand the necessity of this non-linear completion for angular momentum and its
irrelevance for mass in the case of WAdS3 black holes is to pay attention to the contribution from
Einstein-Hilbert term and K-term separately in the Lagrangian. Though each contribution to the
angular momentum from the Einstein-Hilbert term and the K-term is divergent when ρ goes to the
infinity, the sum of them is not divergent and gives us the next leading finite contribution, whereas
this is not the case for mass since each contribution is finite. Recalling that only the linear metric
deviation hµν is captured in our formalism of the ADT potential, the cancelation of the leading
contribution of the ADT potential indicates strongly that it may be insufficient to consider only
the linear level contribution. Specifically, the quadratic order contribution in hµν would leads some
corrections to the finite result of angular momentum. Without resorting to another formalism, one
can obtain the correct value of angular momentum through super angular momentum, since super
angular momentum is the complete non-linear integrated charges.
Taking into account the previous remark and noting
∆α = 0 , ∆β = 2ωα , ∆γ = 2
(
u− (1− β2)ω2
)
α+ (1− β2)ωβ ,
one obtains
∆J = ∆L− ζ
2
m2
[
2(1 − β2)∆X− 2β2ρ20α+
1
8
(5− 4β2)∆L
]
=
16
21− 4β2
[
−
(
β2(1− β2)ω2 + β
2ρ20
1− β2
)
α+ β2(1− β2)ωβ
]
=
16
21− 4β2
[
β2
(
(1− β2)ω2 − ρ
2
0
1− β2
)
αB + β
2(1− β2)ωβB
]
, (51)
and the correction terms to mass are given by
∆R =
ζ2
2
(1− β2)ω , ∆K = − ζ
4
16m2
(21− 20β2)(1− β2)ω .
Finally, mass of WAdS3 black holes is given by
M =
4ζβ2(1− β2)ω
G(21 − 4β2) (52)
and their angular momentum by
J =
2β2ζ
G(21 − 4β2)
[
(1− β2)ω2 − ρ
2
0
1− β2
]
. (53)
This result about angular momentum is already in [20]. But, mass is obtained by assuming the
validity of the first law of black hole thermodynamics or through AdS/CFT correspondence not
as conserved charge. Our explicit computation of mass as conserved charge in Eq. (52) through
Eq. (33) verify the first law of black hole thermodynamics and checks AdS/CFT correspondence
in this case. Note that the correction term to mass gives us exactly the same value with the super
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angular momentum and mass becomes twice of the value given by super angular momentum. This
result confirms the form given in [20][33].
For comparison, let us present the linearized version of ∆J, denoted as δJ
δJ = δL− ζ
2
8m2
[{
2(1−β2)(21−4β2)ωρ−(5−4β2)
(
(1−β2)ω2+ β
2ρ20
1− β2
)}
αB+(21−20β2)(1−β2)ωβB
]
.
As can be seen easily, the nonlinear effects in J come from ∆L and ∆X2.
4 The Conserved Charges of New Type Black Holes
In this section we confine ourselves to the simplest version of new type black holes: static non-
rotating ones. Though the mass of new type black holes are already computed in the linearized
ADT formalism [24][25], it is inconsistent with AdS/CFT correspondence as was shown in [33].
We reexamine mass of new type black holes as conserved charges by using the formalism presented
in the previous section. As the case of WAdS3 black holes, in which the ADT formalism needs
to be supplemented by super angular momentum to obtain correct angular momentum of black
holes, it turns out that even mass needs non-linear corrections in the case of new type black holes.
Therefore, we rederive new type black hole solutions in the SL(2,R) reduction formalism, and then
present our results about mass of new type black holes.
In order to get the new type black hole solution in SL(2,R) reduction formalism, we can take
the vector ansatz as a form
X = ρη +
√
ρκ+ ξ . (54)
For the above vectors, we need to impose the following conditions
κ2 = 0 , ξ2 = 0 , κ · ξ = 0 , (η · κ)ξ − (η · ξ)κ = 0 , (55)
which can be satisfied by taking
η = (0,−L2, 0) , κ =
(
− b
2
L2,− b
2
L2, 0
)
, ξ =
(
− c
2
L2,− c
2
L2, 0
)
. (56)
EOM and Hamiltonian constraint are given by(
η2 − 8σm
2
ζ2
)
κ = 0 ,
1
32
(η2)2 − σm
2
2ζ2
η2 +
2m2
ζ4l2
= 0 , (57)
which lead to ζ2 = 8m2/L4 = 4/L6 and l2 = 2L2, respectively. It turns out that the sign choice of
η = σ = 1 is necessary for the existence of new type black holes. The above vector X leads to the
metric of new type black holes in the form of
ds2 = L2
[
− (ρ+ b√ρ+ c)dt2 + ρdφ2 + dρ
2
4ρ(ρ + b
√
ρ+ c)
]
.
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with ζ2 = 4/L6. By the coordinate transformation ρ = r2, new type black hole solutions become
ds2 = L2
[
−(r2 + br + c)dt2 + dr
2
(r2 + br + c)
+ r2dφ2
]
, (58)
which is the form given in [16].
To obtain mass of new type black holes, we compute the super angular momentum and correction
terms to mass. By inserting the above three vectors η, κ and ξ into the formula (35),we obtain
super angular momentum in the form of
J = ξ × η + ζ
2
8m2
[
η2ξ × η + (η · κ)(η × κ)
]
=
[
c− 1
4
b2
]
L4ǫ2 +O
( 1√
ρ
)
. (59)
As can be shown from (37) and (38), correction terms to the mass in new type black holes are given
by
∆R = −ζ
2
2
L4b
4
√
ρ = − b
2L2
√
ρ , ∆K =
ζ4
m2
L8b
64
√
ρ =
b
2L2
√
ρ .
Note that the total contribution of correction terms to mass vanishes. Finally, one can see that
mass of new type black holes is given by
M =
1
4ζGL
[
− ζ
2
2
∆J2
]
=
b2 − 4c
16G
, (60)
which is consistent with the result by AdS/CFT correspondence and satisfies the simple form of
the first law of black hole thermodynamics as [33] (See [31] for the extension to the the case of
rotating new type black holes)
dM = TdSBH .
This shows us that AdS/CFT correspondence may be used as a guiding principle to obtain physical
quantities for gravity. As we have already seen in the above results, there is no non-linear effect
in the mass correction terms. The non-linear contribution comes only from the super angular
momentum.
5 Conclusion
In this paper we have obtained mass and angular momentum, as conserved charges, of several
black holes in the so-called new massive gravity(NMG) in three dimension and confirmed the
validity of first law of black hole thermodynamics and/or AdS/CFT correspondence in this case.
At first, we obtained the ADT potential for the scalar curvature square term and Ricci tensor
square one in arbitrary dimension. This leads to the ADT potential for the NMG case, which
is our main interest. Then we obtained conserved charges of various black hole solutions, which
have at least two commuting Killing vectors. To obtain conserved charges consistent with the first
law of black hole thermodynamics and/or AdS/CFT correspondence, we have used super angular
momentum method in the SO(1, 2) reduction approach supplemented by the ADT formalism, which
is developed by Clement [35][3][6]. In the following, several comments are in order.
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It has been well known that conserved charges in gravity with higher derivatves are difficult to
define. There are attempts called the ADT formalism to accomplish this goal [26]∼[28], which
may be regarded as a natural generalization of the famous ADM formalism. Applying this linear
ADT formalism, some charges consistent with the first law of black hole thermodynamics are
computed and presented in the Appendix D. Though this approach is covariant, this basically uses
the linearized peturbation around the given background and so might be incomplete.
On the other hand, especially in three dimensional case, there is the so-called super angular
momentum method [35][3] which is not fully covariant but may capture non-linear effects. The
nature of super angular momentum as the non-linear conserved quantity comes from the fact that
it is obtained by the first intergral of equations of motion without perturbative expansion. Though
super angular momentum leads to correct results in some cases, it turned out to be inconsistent with
the first law of black hole thermodynamics in the case of warped AdS3 black holes in TMG, and
then it was shown that there is a way to overcome this difficulty by supplementing super angular
momentum with the ADT formalism [6][20]. That is to say, by comparing the ADT charges with
the linearized super angular momentum a linear correction term to mass was shown to exist in the
super angular momentum side. Though there is no a priori guarantee for the absence of non-linear
effects in the correction term, it was sufficient for the purpose.
After the advent of AdS/CFT correspondence there are approaches using boundary theory [29]
[33] [32][31] to define the bulk AdS conserved charges. Though this approach is covariant and can
capture non-linear effects, it is applicable only to asymptotically (warped) AdS space. Furthermore,
one may need some additional information to define conserved charges in this approach and it is
difficult to apply this method to some cases, for instance, to warped AdS3 black holes without a
priori inputs.
In this paper we have adopted Clement’s hybrid formalism of super angular momentum method
and ADT approach to obtain mass and angular momentum of various black holes in the NMG case.
This hybrid formalism gives us results consistent with the first law of black hole thermodynamics
in all the cases considered in this paper. Since AdS/CFT approach leads to the same results with
ours in all the cases, our results can be regared as consistent with AdS/CFT correspondence.
In the present state of things there are no completely satisfactory covariant non-linear method
to define conserved charges in general. Several approaches have their own merits and demerits as
was commented in the above. It will be very interesting to improve this situation and resolve some
issues, for example, whether or not the non-linear effects exist generically for the mass correction
term in the hybrid formalism.
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APPENDICES
In this appendix, some calculational details are given. In section A, we present some details for
ADT charge computation and in section B give various formulae for vector calculation. In section
C, some details about vector representation of the ADT potential are given and the ADT potential
in Schwarzschild coordinates are given in the appendix D.
A The Formulae for the ADT Potential Computation
Some Killing vector properties:
Our curvature convention is
[∇α,∇β]V µ = −RµναβV ν ,
which implies for a scalar S
[∇µ,∇2]S = [∇µ,∇ν ]∇νS = −Rµν∇νS .
Covariant derivatives of Killing vectors, ξ, satisfy
∇µ∇νξα = −Rβµανξβ , ∇2ξµ = −Rµνξν . (A.1)
and
LξR = ξµ∇µR = 0 ,
Lξ∇µR = ξα∇α∇µR+∇αR∇µξα = 0 ,
LξRµν = ξα∇αRµν +Rµα∇νξα +Rνα∇µξα = 0 .
Bianchi identity and the Killing property lead to the following identity
Rµανβ∇αξβ = 1
2
Rµναβ∇αξβ . (A.2)
The variation of some quantities
δΓαµν =
1
2
(
∇µhαν +∇νhαµ −∇αhµν
)
,
∇µδΓαµν = −gαβδRνβ −
1
2
∇ν∇αh+∇β∇νhαβ ,
δ(∇2R) = ∇2δR− hαβ∇α∇βR− gαβδΓναβ∇νR
= ∇2δR−∇α(hαβ∇βR) + 1
2
∇αh∇αR ,
δ(∇µ∇νR) = ∇µ∇νδR − δΓαµν∇αR ,
δ(∇2Rµν) = ∇2δRµν − hαβ∇α∇βRµν − gαβδΓναβ∇νRµν
−∇α(δΓβαµRβν)−∇α(δΓβανRβµ)− δΓβαµ∇αRβν − δΓβαν∇αRβµ ,
δ(RαβR
αβ) = 2hαβRραβσR
ρσ +Rαβ
[
∇α∇γhγβ +∇β∇γhγα −∇α∇βh−∇2hαβ
]
.
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Some formulae for QµνR2 computation:
Each Eµa (a = 1, 2, · · · , 5) term is computed separately, as follows. First, let us consider Eµ1 term.
The same term may be subtracted from and added to Eµ1 just for our calculational convenience.
Then, the Eµ1 term becomes
Eµ1 = −hµαRαρσνRρσξν + (Rµαγν + 2Rµγαν)ξνRγβhαβ + ξµRγαRγβhαβ
+Aµ1 −
1
2
ξµRαβ∇2hαβ +Aµ2 −Rµαξν
(
∇γ∇αhγν −∇2hαν
)
− 2ξνδΓβαν∇αRµβ
+Aµ3 + 2ξ
γRγαβν∇ν∇[µhα] + 1
2
ξµRαβ∇α∇βh ,
where
Aµ1 ≡ −Rαβξν
(
∇ν∇µhαβ −∇ν∇αhµβ
)
− ξµRαβ
(
∇γ∇αhγβ −∇2hαβ
)
= ∇ν
[
2Rαβξ[µ∇ν]hαβ − 2Rαβξµ∇αhν]β
]
+ξν∇νRαβ
(
∇µhαβ −∇αhµβ
)
+∇ν(ξµRαβ)
(
∇αhνβ −∇νhαβ
)
,
Aµ2 ≡ −Rαβξν
(
∇β∇αhµν −∇β∇µhαν
)
+Rµαξν
(
∇γ∇αhγν −∇2hαν
)
= ∇ν
[
2ξβRα[µ∇αhν]β − 2ξβRα[µ∇ν]hαβ
]
+∇ν(ξβRµα)
(
∇νhαβ −∇αhνβ
)
+∇ν(ξβRνα)
(
∇µhαβ −∇αhµβ
)
,
Aµ3 ≡ −2RµαβνξνδRαβ − 2ξγRγαβν∇ν∇[µhα]
= ∇ν
[
Rµναβξ
α∇γhγβ − 2ξγR αβ[µγ ∇αhν]β + 2ξγR αβ[µγ ∇ν]hαβ
]
+∇ν(ξγR αβµγ )
(
∇αhνβ −∇νhαβ
)
+∇ν(ξγR αβνγ )
(
∇µhαβ −∇αhµβ
)
+ξν(∇νRµβ −∇βRµν )∇αhαβ −Rµρσβ∇ρξσ∇αhαβ
−RµγανξνRγβhαβ −RµρσνξνRσαβρhαβ −Rµαβνξν∇α∇βh .
For Aµ1 and A
µ
2 , one can see that
Aµ1 +A
µ
2 − 2ξνδΓβαν∇αRµβ
= ∇ν
[
2ξαRβ[µ∇βhν]α − 2ξαRβ[µ∇ν]hαβ + 2Rαβξ[µ∇ν]hαβ − 2Rαβξ[µ∇αhν]β + 2hαβ∇α(ξ[µRν]β )
]
− 1
2
ξν∇αR(∇µhαν −∇αhµν )−Rαν∇νξβ(∇µhαβ −∇αhµβ)
+ ξγ∇γRαβ(∇µhαβ −∇αhµβ)−∇ν(ξµRαβ)∇νhαβ − hαβ∇ν∇β(ξµRνα − ξνRµα) .
For Aµ3 , one may note that the following identities
∇ν(ξγR αβµγ )
(
∇αhνβ −∇νhαβ
)
= ∇ν
(
hαβR
αβν
γ ∇µξγ
)
− hαβ∇αRβγ∇µξγ − hαβ∇γRαβ∇γξµ
+Rµρσνξ
νRσαβρhαβ +R
µ
ανβ∇νξγ(∇αhβγ −∇βhαγ ) ,
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∇ν(ξγR αβνγ )
(
∇µhαβ −∇αhµβ
)
= ξγ(∇αRβγ −∇γRαβ)(∇µhαβ −∇αhµβ)−Rγαβν∇νξγ∇αhµβ ,
hαβ∇ν∇β(ξµRνα − ξνRµα) = hαβ
(
∇αRµν∇βξν +
1
2
∇αR∇βξµ
)
− hαβξν
(
RµαRβν −RµαγνRγβ
)
+ξµhαβ
(
RγαR
γ
β +RαρσβR
ρσ +
1
2
∇α∇βR
)
.
Collecting various expression in the above, one can obtains Eµ1 .
For the calculation of Eµ2 term, one may note that
∇2∇νQµνR = ∇ν
[
∇2Qµν +RµναβQαβ + 2Qα[µRν]α
]
+Rµα∇νQαν ,
which leads to
ξν∇2Iµν = ∇2(Iµνξν)− Iµν∇2ξν − 2∇νIµα∇νξα
= ∇2(Iµνξν)−∇ν(δR∇[µξν])− 2gµρ∇αδRρν∇αξν + IµαRαν ξν + δRRµν ξν
= ∇ν
[
∇2QµνR +RµναβQαβR + 2R[µα Qν]αR − δR∇[µξν]
]
−2gµρ∇νδRρα∇νξα +∇2
(
hµβRβνξ
ν +
1
2
ξµRρσhρσ − 1
2
Rµν ξ
νh
)
+(IµαRαν +RµαIαν)ξν + δRRµν ξν −Rµα
(
hαβRβνξ
ν +
1
2
ξαRρσhρσ − 1
2
Rαν ξ
νh
)
.
Noting that the following formula
− 2gµρ∇νδRρα∇νξα = −2∇ν
[
∇αξβ∇α∇[µhν]β
]
+
1
2
Rµναβ∇αξβ∇νh− 2ξγRγαβν∇ν∇[µhα]β
+Rαν∇νξβ(∇µhαβ −∇αhµβ)−∇γ(hµαRαν +Rµαβνhαβ)∇γξν
+Rµανβ∇νξγ(∇βhαγ −∇αhβγ )
+Rγαβν∇βξα(∇µhνγ −∇νhµγ )−
1
2
Rµνρσ∇αhαβ∇ρξσ .
and the formula containing the Fµν term in (25)
Fµνξ
ν +Rανξ
ν∇2hµα + IµαRαν ξν +RµαIανξν
= ∇ν
[
− 2ξαR[µα∇βhν]β + ξαR[µα∇ν]h
]
+∇β(ξαRµα)∇αhαβ
+Rµρσαh
ρσRαν ξ
ν + hµαRαβR
β
ν ξ
ν +Rµν ξ
νRαβhαβ
+Rµαξν(∇γ∇αhγν −∇2hαν)− 1
2
Rµαξν∇ν∇αh+ 1
2
Rµν ξ
ν∇2h− 1
2
∇ν(ξαRµα)∇νh ,
one can obtain E2 expression.
Formulae for remaining Eµa are
Eµ3 = ∇ν
[
2ξβhα[µ∇αRν]β
]
− hµαξν
(
RαρσνR
ρσ +
1
2
∇α∇νR+RαβRβν
)
+hαβ∇αRµν∇βξν − ξν∇αRβν (∇αhµβ +∇µhαβ) .
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Eµ4 = ∇ν
[
− ξ[µhν]α∇αR
]
+
1
2
hαβ∇αR∇βξµ − 1
2
hµαξν∇α∇νR+ 1
2
ξν∇αR(hµαν −∇αhµν ) .
Eµ5 ≡
1
2
ξν∇αh∇αRµν +
1
4
ξµ∇αh∇αR .
B Identities and Useful Formulae for Vector Representation
Ricci tensor and scalar curvature are given by
Rab = −
ζ2
2
[
(UU ′)′ + 〈L〉′
]a
b
, Rρρ = −
ζ2
2
[
2(UU ′)′ −X′2
]
,
R = −ζ
2
2
[
4(UU ′)′ −X′2
]
= −ζ
2
2
[
4X ·X′′ + 3X′2
]
. (B.1)
Covariant derivative of Ricci tensors
∇ρRρρ = (Rρρ)′ = −ζ2
[
(UU ′)′′ −X′ ·X′′
]
,
∇ρRba = (Rba)′ +
1
2
(λ−1λ′)bcR
c
a −
1
2
Rbc(λ
−1λ′)ca
= −ζ
2
2
[
(UU ′)′′ + 〈L′′〉+ 1
2
(λ−1λ′〈L′〉 − 〈L′〉λ−1λ′)
]
,
∇aRbρ = RρρΓbρa −RbcΓcρa =
1
2
Rρρ(λ
−1λ′)ba −
1
2
Rbc(λ
−1λ′)ca =
ζ2
4
[
(−X ·X′′) + 〈L′〉
]
λ−1λ′ ,
∇aRρb =
ζ4
4
U2λ′
[
− (X ·X′′) + 〈L′〉
]
. (B.2)
Covariant derivative of metric deviation
∇bhaρ = −
δU
U
(λ−1λ′)ab −
1
2
(λ−1δλλ−1λ′)ab , ∇chab = 0 , ∇ahρρ = 0 ,
∇ahρb = −
ζ2
2
U2
(
λ′λ−1δλ+ 2λ′
δU
U
)
ab
,
∇ρhab = (hab )′ +
1
2
(λ−1λ′λ−1δλ)ab −
1
2
(λ−1δλλ−1λ′)ab , ∇ρhρρ = (hρρ)′ , ∇ρhρa = ∇ρhaρ = 0 ,
which imply
∇µhµρ = (hρρ)′ − 2
U ′δU
U2
− 1
2
Tr(λ−1λ′λ−1δλ) = − 1
U2
[
X
′ · δX+ 2X · δX′
]
,
∇µhµa = 0 , 2∇[ρhab] = (λ−1δλ)′ab +
1
2
(λ−1λ′λ−1δλ)ab +
δU
U
(λ−1λ′)ab .
Useful vector identities:
L
2 = U2(U ′2 −X′2) , (B.3)
L ·Σ = U2(U ′δU −X′ · δX) = U2(−UδU ′ +X · δX′) ,
L
′ ·Σ = UδUX ·X′′ − U2X′′ · δX ,
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L ·Σ′ = UδU X′2 − U2X′ · δX′ − UU ′(X′ · δX−X · δX′) ,
L
′ ·Σ′ = UδUX′ ·X′′ − UU ′X′′ · δX + (X ·X′′)X · δX′ − U2X′′ · δX′
L · δL = UU ′(UδU)′ − UδU X′2 − U2X′ · δX′ ,
L · L′ = UU ′X ·X′′ − U2X′ ·X′′ ,
L
′ · δL = UU ′X′′ · δX+ (X ·X′′)X · δX′ − UδUX′ ·X′′ − U2X′′ · δX′ ,
L×Σ = 1
2
U2(δL−Σ′) + UU ′Σ− UδUL ,
L
′ ×Σ = U2δX×X′′ + (X ·X′′)Σ− UδUL′ ,
L×Σ′ = UU ′δL− (UδU)′L− U2X′ × δX′ +X′2Σ ,
L
′ ×Σ′ = −(X · δX′)L′ + U2δX′ ×X′′ + UU ′δX×X′′ − UδUX′ ×X′′ − (X′′ · δX)L
+(X ·X′′)X× δX′ + (X′ ·X′′)Σ ,
L× L′ = UU ′L′ − (X ·X′′)L− U2X′ ×X′′ ,
L× δL = (δX ·X′ −X · δX′)L+ UU ′Σ′ − U2X′ × δX′ −X′2Σ ,
L
′ × δL = −(X · δX′)L′ + U2δX′ ×X′′ − UU ′δX×X′′ + UδUX′ ×X′′ + (X′′ · δX)L
+(X ·X′′)X× δX′ − (X′ ·X′′)Σ ,
L× δL′ = (X′ · δX)L′ − U2X′ × δX′′ + UU ′X× δX′′ − UδUX′ ×X′′ − (X · δX′′)L
−(X ·X′′) δX ×X′ − (X′ ·X′′)Σ .
Note that some vector quantities may be written in terms of other ones as follows
L×Σ′ = L× δL+ UU ′(δL −Σ) + 2(X′2Σ−X′ · δXL) , (B.4)
L ·Σ′ = L · δL+ 2(UδU X′2 − UU ′X′ · δX) ,
L
′ ·Σ′ = L′ · δL+ 2
[
U ′
U
L
′ ·Σ− δU
U
L · L′
]
,
L
′ ×Σ′ = L′ × δL+ 2
[
δU
U
L× L′ + U
′
U
L
′ ×Σ+ L
′ ·Σ
U2
L− L · L
′
U2
Σ
]
,
L
′ · (L×Σ) = 0 .
Conjugation by two dimensional metric λ:
Note that for any vector A one obtains
λ〈A〉λ−1 = τ0
[
〈A〉 − 2
U2
X ·A〈X〉
]
τ0 , (B.5)
which leads to
λ〈X〉λ−1 = −τ0〈X〉τ0 , λ〈X′〉λ−1 = τ0
[
− 2U
′
U
〈X〉+ 〈X′〉
]
τ0 ,
λ〈L〉λ−1 = τ0〈L〉τ0 , λ〈L′〉λ−1 = τ0〈L′〉τ0 ,
λ〈L′′〉λ−1 = τ0
[
〈X×X′′′ −X′ ×X′′〉+ 2U
′
U
〈L′〉 − 2X ·X
′′
U2
〈L〉
]
τ0
= τ0
〈
L
′′ +
2
U2
L× L′
〉
τ0 ,
λ〈Σ〉λ−1 = τ0〈Σ〉τ0 ,
λ〈Σ′〉λ−1 = τ0
[
− 2
U2
L · δX〈X〉 + 〈Σ′〉
]
τ0 = τ0
[
2U ′
U
〈Σ〉 − 2δU
U
〈L〉+ 〈δL〉
]
τ0 ,
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λ〈Σ′′〉λ−1 = τ0
[
− 2
U2
X ·Σ′′〈X〉+ 〈Σ′′〉
]
τ0
= τ0
[
〈δL′〉 − 2〈X′ × δX′〉 − 2δU
U
〈L′〉 − 4
U2
X · δX′〈L〉+ 2X ·X
′′
U2
〈Σ〉
+ 4
U ′
U
〈X× δX′〉
]
τ0 ,
λ〈L×Σ〉λ−1 = −τ0
[
L×Σ
]
τ0 ,
λ〈L′ ×Σ〉λ−1 = −τ0
[
L
′ ×Σ
]
τ0 ,
and also
1
2
λ
(
λ−1λ′〈L′〉 − 〈L′〉λ−1λ′
)
λ−1 = τ0
[
〈X′ ×X′′〉 − U
′
U
〈L′〉+ X ·X
′′
U2
〈L〉
]
τ0
= τ0
〈
− 1
U2
L× L′
〉
τ0 ,
1
2
λ
(
λ−1λ′〈L′〉+ 〈L′〉λ−1λ′
)
λ−1 =
U ′
U
X ·X′′ −X′ ·X′′ + τ0U
′
U
〈L′〉τ0 ,
C Vector Representation of Various Terms in the ADT Potential
for NMG
In this appendix, we present various formulae for the conjugation by two dimensional metric, λ
or useful formulae to obtain the ADT potential and then present vector representation for various
terms in the ADT potential of NMG.
Useful formulae for the computation of QµνR :
λ(λ−1δλ)′λ−1 =
1
U2
[
(UδU ′ − U ′δU)1+ τ0
(
− 2δU
U
〈L〉+ 〈δL〉
)
τ0
]
, (C.1)
1
2
Tr(λ−1λ′λ−1δλ) =
2U ′
U3
X · δX− 1
U2
X
′ · δX . (C.2)
Useful formulae for the computation of QµνK : We omit the obvious matrix indices in the right hand
side of equations.
λac∇[ρhcd](λ−1)db =
1
4U2
(X′ · δX+ 2X · δX′) + 1
8U2
τ0
〈
3δL +Σ′
〉
τ0 .
λ′ac∇[ρhcd](λ−1)db =
U ′
4U3
(X′ · δX+ 2X · δX′) + 1
8U4
L · (3δL +Σ)
+τ0
〈
U ′
8U3
(3δL +Σ′) +
1
4U4
(X′ · δX+ 2X · δX′)L− 1
8U4
L× (3δL +Σ′)
〉
τ0 .
λ′λ−1δλλ−1 =
1
U2
(
U ′δU − UδU ′ +X · δX′
)
+ τ0
〈
2
δU
U3
L− 1
2U2
δL+
1
2U2
Σ
′
〉
τ0 .
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λ〈L′〉λ−1λ′λ−1δλλ−1 = U
′
U3
L
′ ·Σ+ δU
U3
L · L′ − 1
U4
L
′ · (L×Σ)
+τ0
〈(U ′δU
U2
+
1
U4
L ·Σ
)
L
′ +
δU
U3
L× L′ − U
′
U3
L
′ ×Σ
+
1
U4
L
′ × (L×Σ)
〉
τ0 ,
λ〈L′〉
[
(λ−1δλ)′ +
δU
U
λ−1λ′
]
λ−1 =
1
U2
(
L
′ · δL− δU
U
L · L′
)
+τ0
[
δU ′
U
〈L′〉 − 1
U2
(
〈L′ × δL〉+ δU
U
〈L× L′〉
)]
τ0 ,
2λ〈L′〉∇hλ−1 = 1
4U2
(
3L′ · δL+ L′ ·Σ′
)
+τ0
〈
1
2U2
(X′ · δX+ 2X · δX′)L′ + 3
4U2
δL× L′ − 1
4U2
L
′ ×Σ′
〉
τ0 ,
λ(λ−1δλ)′′λ−1 =
(
δU
U
)
′′
+ τ0
[
1
U2
〈δL′〉 − 2
U2
〈X′ × δX′〉+ 4
U4
(2U ′δU −X · δX′)〈L〉
− 4U
′
U3
〈δX×X′〉 − 2δU
U3
〈L′〉+ 2
U4
(X ·X′′ − UU ′′ − U ′2)〈Σ〉
]
τ0 ,
=
(
δU
U
)
′′
+ τ0
[
1
U2
〈δL′〉+ 2
U4
〈L× δL〉+ 1
U2
(
6
U ′δU
U2
− 2δU
′
U
)
〈L〉
− 2U
′
U3
〈δL〉 − 2δU
U3
〈L′〉
]
τ0 ,
λ(λ−1λ′λ−1δλ)′λ−1 =
(
U ′δU
U2
)′
+
1
U4
L
′ ·Σ− 2δU
U5
L
2 − 2U
′
U5
L ·Σ+ 1
U4
L · δL
+τ0
[
1
U2
(δU ′
U
− 5U
′δU
U2
)
〈L〉+ U
′
U3
〈δL〉 + δU
U3
〈L′〉+ 1
U2
(
U ′
U
)′
〈Σ〉
+ 2
U ′
U5
〈L×Σ〉 − 1
U4
〈L′ ×Σ〉 − 1
U4
〈L× δL〉
]
τ0 .
λ
(
δU
U
λ−1λ′
)
′
λ−1 =
(
U ′δU
U2
)′
+ τ0
[(δU ′
U3
− 3U
′δU
U4
)
〈L〉+ δU
U3
〈L′〉
]
τ0 .
Note that
λac(∇[ρhcd])′λ−1 db =
1
2
(
δU
U
)
′′
+
3
4
(
U ′δU
U2
)′
+
1
4U4
L
′ ·Σ− δU
2U5
L
2 − U
′
2U5
L ·Σ+ 1
4U4
L · δL
+τ0
[
1
2U2
〈δL′〉 − 1
4U2
(
δU
U
)
′
〈L〉 − 3
4
U ′
U3
〈δL〉 − 1
4
δU
U3
〈L′〉
+
1
4U2
(
U ′
U
)′
〈Σ〉+ U
′
2U5
〈L×Σ〉 − 1
4U4
〈L′ ×Σ〉+ 3
4U4
〈L× δL〉
]
τ0 ,
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For a convenience of our calculation, let us set
λac(∇[ρhcd])′λ−1 db = H + τ0〈H〉τ0 ,
which leads to
λ′ac(∇[ρhcd])′λ−1 db =
[
τ0
(
− U
′
U
+
1
U2
〈L〉
)
τ0λ
]
ac
(∇[ρhcd])′λ−1 db ,
=
U ′
U
H +
1
U2
L ·H+ τ0
[
U ′
U
〈H〉+ 1
U2
H〈L〉 − 1
U2
〈L×H〉
]
τ0 , (C.3)
where
U4
[U ′
U
H+
H
U2
L− 1
U2
L×H
]
=
UU ′
2
δL′ − 3
4
(
U ′2 +
L
2
U2
)
δL− 1
4
(
U ′δU +
1
U2
L ·Σ
)
L
′
+
(
U2H − UU
′
4
(δU
U
)
′
+
U ′
2U3
L ·Σ+ 3
4U2
L · δL
)
L+
(
UU ′
4
(
U ′
U
)′
− U
′
2U3
L
2 +
L · L′
4U2
)
Σ
−1
2
L× δL′ + δU
4U
L× L′ + 3U
′
2U
L× δL− U
′
4U
L
′ ×Σ+ 1
U2
(
U ′2 − 1
4
(UU ′)′
)
L×Σ .
Some other useful formulae to obtain QµνK :
(λ′λ−1λ′)ac∇[ρhcb]λ−1 bt =
U2U ′2 + L2
4U6
(X′ · δX+ 2X · δX′) + U
′
4U5
L · (3δL +Σ′)
+τ0
〈
U ′
2U5
(X′ · δX+ 2X · δX′)L+ 1
8U6
(U2U ′2 + L2)(3δL +Σ′)
− U
′
4U5
L× (3δL +Σ′)
〉
τ0 ,
λ′b
[U ′
U
∇[ρhba] +
1
2
(λ−1λ′)bc∇[ρhca] −
1
2
∇[ρhbc](λ−1λ′)ca
]
λ−1 at
=
U ′2
4U4
(X′ · δX+ 2X · δX′) + U
′
8U5
L · (3δL +Σ′)
+τ0
〈
1
8U4
(
U ′2 +
L
2
U2
)
(3δL +Σ′) +
( U ′
4U5
(X′ · δX+ 2X · δX′)− 1
8U6
L · (3δL +Σ′)
)
L
− U
′
4U5
L× (3δL+Σ′)
〉
τ0 .
1
2
λ′λ−1λ′[λ−1λ′, λ−1δλ]λ−1 = − 1
U4
τ0
〈
1
U2
(
U ′2 +
L
2
U2
)
L×Σ+ 2U
′
U
(L ·Σ
U2
L− L
2
U2
Σ
)〉
τ0 .
Now, we present various formulae to obtain vector expression for each term in the ADT potential.
Since h = 0 in this formalism, the relevant terms in the calculation of QρtK are the following eleven
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ones:
∇2QρtR =
ζ4
2
kt
[
− U2(X · δX′)′′ − UU ′(X · δX′)′ + (UU
′)′
2
X · δX′ + L · δL′ + 1
2
L
′ · δL
]
+
ζ4
2
[
kτ0
〈
U2δL′′ + UU ′δL′ − (UU
′)′
2
δL− (X · δX′)′ L
− 1
2
(X · δX′)L′ + L× δL′ − 1
2
δL× L′
〉
τ0
]t
, (C.4)
−2Qα[ρRt]α =
ζ4
4
kt
[(
3(UU ′)′ −X′2
)
X · δX′ − L′ · δL
]
+
ζ4
4
[
kτ0
〈
(X · δX′)L′ −
(
3(UU ′)′ −X′2
)
δL+ δL× L′
〉
τ0
]t
, (C.5)
1
8
Qρt
R2
=
ζ4
16
kt
[(
4(UU ′)′ −X′2
)
(X · δX′) + 4U2
(
2(UδU)′′′ − (X′ · δX′)′
)
− 2UU ′
(
2(UδU)′′ − (X′ · δX′)
)
+ 4UδU
(
2(UU ′)′′ −X′ ·X′′
)]
− ζ
4
16
[
kτ0
〈(
4(UU ′)′ −X′2
)
δL+ 2
(
2(UδU)′′ −X′ · δX′
)
L
〉
τ0
]t
, (C.6)
−2∇αξβ∇α∇[ρht]β
= −ζ4kt
[
1
2
L · δL′ + UU
′
2
(UδU)′′ − 1
8
(12U ′2 −X′2)(UδU)′ + U
′
4U
(
4U ′2 − (UU ′)′ + 2X′2
)
UδU
+
1
8
(8U ′2 −X′2)X · δX′ + U
′
2U
L · δL+ U
′
4U
L
′ ·Σ− δU
4U
L · L′ +
((UU ′)′
4U2
− U
′2
U2
)
L ·Σ
]
−ζ4
[
kτ0
〈
UU ′
2
δL′ − 1
2
L× δL+ δU
4U
L× L′ − U
′
4U
L
′ ×Σ+ 1
16
(
X
′2 − 2(UU ′)′
)
(δL−Σ′)
− 1
4
(
U ′δU +
L ·Σ
U2
)
L
′ +
L · L′
4U2
Σ+
(1
2
(UδU)′′ − 1
2
X
′ · δX′ + L
′ ·Σ
4U2
)
L
〉
τ0
]t
. (C.7)
− 4ξαRαβ∇[ρht]β = ζ4kt
[
(UU ′)′
2
(
(UδU)′ +X · δX′
)
+
1
4
L
′ · (3δL +Σ′)
]
(C.8)
+ζ4
[
kτ0
〈
(UU ′)′
4
(3δL +Σ′) +
1
2
(
(UδU)′ +X · δX′
)
L
′ − 1
4
L
′ × (3δL +Σ′)
〉
τ0
]t
,
2ξαhβ[ρ∇βRt]α = ζ4kt
[
(UU ′)′′ UδU +
1
4
(X ·X′′)
(
U ′δU +
1
U2
L ·Σ
)
− 1
4
(U ′
U
L
′ ·Σ+ δU
U
L · L′ − 1
U2
L
′ · (L×Σ)
)]
(C.9)
+ζ4
[
kτ0
〈
UδU L′′ +
3
4
δU
U
L× L′ − 1
4
(
U ′δU +
L ·Σ
U2
)
L
′ +
1
4
U ′
U
L
′ ×Σ
− X ·X
′′
8
(δL −Σ′) + 1
4
(
2X ·X′′ δU
U
+
L
′ ·Σ
U2
)
L− L · L
′
4U2
Σ
〉
τ0
]t
,
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−Rh[ρα∇t]ξα =
ζ2
8
(4X ·X′′ + 3X′2)
[
k (X′ · δX) + kτ0
〈1
2
(δL −Σ′)
〉
τ0
]t
, (C.10)
2ξ[ρRt]α∇βhαβ = −
ζ4
2
kt(2X ·X′′ +X′2)(X′ · δX+ 2X · δX′) , (C.11)
2ξαR
α[ρ∇βht]β = −ζ
4
2
[
k(X ·X′)′ + kτ0〈L′〉τ0
]t
(X′ · δX+ 2X · δX′) , (C.12)
2hαβξ[ρ∇αRt]β =
ζ4
2
kt
[(
5X′ ·X′′ − 4(X ·X′)′′
)
UδU − (X ·X′′)X′ · δX+ (UU ′)X′′ · δX
]
,
(C.13)
− (δR + 2Rαβhαβ)∇[ρξt] = ζ
4
2
(
(UδU)′′ + (X · δX′)′ −X′′ · δX
)[
kX ·X′ + kτ0〈L〉τ0
]t
. (C.14)
In the above, we have presented all the preliminary identities. All we need to do is just combining
all the above results and showing the correction term in the mass formula.
D ADT Charges in Schwarzschild Coordinates
As was explained in the main text, the linearized ADT formalism is insufficient to obtain the cor-
rect angular momentum of WAdS3 black holes and even mass of static new type black holes. To
obatin the correct result which is consistent with the first law of black hole thermodynamics and
AdS/CFT correspondence, we adopt the approach augmented by super angular momentum. How-
ever, linearized ADT formalism is enough to obtain mass and angular momentum of BTZ black
holes and mass of WAdS3 black holes. In this appendix, we obtain these charges in Schwarzschild
coordinates, since these coordinates, not ones in Eq. (30), are suitable one for AdS/CFT corre-
spondence.
BTZ black holes metric may be written in the form of
ds2 = L2
[
− (r
2 − r2+)(r2 − r2−)
r2
dt2 +
r2
(r2 − r2+)(r2 − r2−)
dr2 + r2
(
dφ+
r+r−
r2
dt
)2]
, (D.1)
where the normalization of the time translational and rotational Killing vectors is such that ξT =
1
L
∂
∂t
, ξR =
∂
∂φ
. It is sufficient to take the next leading term of the metric as h-part for the ADT
potential
htt = L
2(r2+ + r
2
−
) , hrr =
L2
r4
(r2+ + r
2
−
) , htφ = L
2r+r− , hφφ = 0 .
Then, the ADT potentials are given by
QrtR
∣∣∣
ξT
=
1
2L3r
(r2+ + r
2
−
) , QrtK
∣∣∣
ξT
=
1
4L5r
(r2+ + r
2
−
) ,
QrtR
∣∣∣
ξR
=
r+r−
L2r
, QrtK
∣∣∣
ξR
=
r+r−
2L4r
,
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which gives us the mass and angular momentum of BTZ black holes in the NMG case as
M =
(r2+ + r
2
−
)
8G
η
[
σ +
1
2m2L2
]
, J =
Lr+r−
4G
η
[
σ +
1
2m2L2
]
. (D.2)
Note that this expression is consistent with the one obtained in various other ways [33].
The metric of WAdS3 black holes in the Schwarzschild coordinates is given by [29]
ds2 = L2
[
−N(r)2dt2 +R(r)2(dθ +N θ(r)dt)2 + dr
2
4R(r)2N(r)2
]
, (D.3)
where
N(r)2 =
(ν2 + 3)(r − r+)(r − r−)
4R(r)2
,
N θ(r) =
2νr −√r+r−(ν2 + 3)
2R(r)2
,
R(r)2 =
r
4
(
3(ν2 − 1)r + (ν2 + 3)(r+ + r−)− 4ν
√
r+r−(ν2 + 3)
)
and ν2 = 3/(4β2 − 1).
It is sufficient to take the metric deviation as
hrr =
1
ν2 + 3
1
r3
(r+ + r−) ,
hθθ =
r
4
[
(ν2 + 3)(r+ + r−)− 4ν
√
(ν2 + 3)r+r−
]
,
htθ = −1
2
√
(ν2 + 3)r+r− .
We can also obtain the ADT potentials as
QrtR
∣∣∣
ξT
=
1
2L3
(ν2 + 3)(r+ + r−)− 2ν
√
(ν2 + 3)r+r−
QrtK
∣∣∣
ξT
=
1
4L5
[
(ν2 + 3)(4ν2 − 3)(r+ + r−)− 4ν(16ν2 − 15)
√
(ν2 + 3)r+r−
]
.
These give us mass of WAdS3 black holes solutions of NMG in Schwarzschild coordinates as
M =
L3
8G
η
[
σQrtR +
1
m2
QrtK
]
=
ν(ν2 + 3)
G(20ν2 − 3)
[
ν(r+ + r−)−
√
(ν2 + 3)r+r−
]
, (D.4)
where we used the relation 1/m2L2 = 2σ/(3 − 20ν2) and η = σ = −1 in the last equality. This
result is identical with the one obtained by the AdS/CFT correspondence [33].
28
References
[1] S. Deser, R. Jackiw and S. Templeton, Annals Phys. 140, 372 (1982) [Erratum-ibid. 185,
406.1988 APNYA,185,406.1988 APNYA,281,409 (1988 APNYA,185,406.1988 APNYA,2].
[2] R. Jackiw, S. Templeton and S. Deser, Phys. Rev. Lett. 48 (1982) 975.
[3] G. Clement, Class. Quant. Grav. 11 (1994) L115 [arXiv:gr-qc/9404004].
[4] M. Gu¨rses, Class. Quant. Grav. 11 (1994) 2585.
[5] K. A. Moussa, G. Cle´ment and C. Leygnac, Class. Quant. Grav. 20 (2003) L277
[arXiv:gr-qc/0303042].
[6] A. Bouchareb and G. Cle´ment, Class. Quant. Grav. 24 (2007) 5581 [arXiv:0706.0263 [gr-qc]].
[7] K. Hotta, Y. Hyakutake, T. Kubota and H. Tanida, JHEP 0807 (2008) 066 [arXiv:0805.2005
[hep-th]].
[8] I. Vuorio, Phys. Lett. B 163 (1985) 91.
[9] R. Percacci, P. Sodano and I. Vuorio, Annals Phys. 176 (1987) 344.
[10] Y. Nutku, Class. Quant. Grav. 10 (1993) 2657.
[11] K. Skenderis, M. Taylor and B. van Rees, JHEP 0909 (2009) 045 [arXiv:0906.4926 [hep-th]].
[12] M. Henningson and K. Skenderis, JHEP 9807 (1998) 023 [arXiv:hep-th/9806087].
[13] V. Balasubramanian and P. Kraus, Commun. Math. Phys. 208 (1999) 413
[arXiv:hep-th/9902121].
[14] S. de Haro, S. N. Solodukhin and K. Skenderis, Commun. Math. Phys. 217 (2001) 595
[arXiv:hep-th/0002230].
[15] E. A. Bergshoeff, O. Hohm and P. K. Townsend, Phys. Rev. Lett. 102 (2009) 201301
[arXiv:0901.1766 [hep-th]].
[16] E. A. Bergshoeff, O. Hohm and P. K. Townsend, Phys. Rev. D 79 (2009) 124042
[arXiv:0905.1259 [hep-th]].
[17] R. Andringa, E. Bergshoeff, M. de Roo, O. Hohm, E. Sezgin, P. Townsend, Class. Quant.
Grav. 27 (2010) 025010 [arXiv:0907.4658 [hep-th]].
[18] E. Bergshoeff, O. Hohm, P. Townsend, Annals Phys. 325 (2010) 1118 [arXiv:0911.3061 [hep-
th]].
[19] E. Bergshoeff, O. Hohm and P. Townsend, [arXiv:0912.2944 [hep-th]].
[20] G. Cle´ment, Class. Quant. Grav. 26 (2009) 105015 [arXiv:0902.4634 [hep-th]].
[21] H. Ahmedov and A. N. Aliev, [arXiv:1008.0303 [hep-th]].
[22] H. Ahmedov and A. N. Aliev, [arXiv:1006.4264 [hep-th]].
29
[23] A. Ghodsi and M. Moghadassi, [arXiv:1007.4323 [hep-th]].
[24] J. Oliva, D. Tempo and R. Troncoso, JHEP 0907 (2009) 011 [arXiv:0905.1545 [hep-th]].
[25] G. Giribet, J. Oliva, D. Tempo and R. Troncoso, Phys. Rev. D 80 (2009) 124046
[arXiv:0909.2564 [hep-th]].
[26] L. Abbott and S. Deser, Phys. Lett. B 116 (1982) 259.
[27] S. Deser and B. Tekin, Phys. Rev. Lett. 89 (2002) 101101 [arXiv:hep-th/0205318].
[28] S. Deser and B. Tekin, Phys. Rev. D 67 (2003) 084009 [arXiv:hep-th/0212292].
[29] D. Anninos, W. Li, M. Padi, W. Song and A. Strominger, JHEP 0903 (2009) 130
[arXiv:0807.3040 [hep-th]].
[30] O. Miskovic and R. Olea, JHEP 0912 (2009) 046 [arXiv:0909.2275 [hep-th]].
[31] G. Giribet and M. Leston, [arXiv:1006.3349 [hep-th]].
[32] O. Hohm and E. Tonni, JHEP 1004 (2010) 093 [arXiv:1001.3598 [hep-th]].
[33] S. Nam, J. D. Park and S. H. Yi, JHEP 1007 (2010) 058 [arXiv:1005.1619 [hep-th]].
[34] S. Deser, B. Tekin, Class. Quant. Grav. 20 (2003) L259 [arXiv:gr-qc/0307073].
[35] G. Cle´ment, Phys. Rev. D 49 (1994) 5131.
[36] K. A. Moussa, G. Clement, H. Guennoune and C. Leygnac, Phys. Rev. D 78 (2008) 064065
[arXiv:0807.4241 [gr-qc]].
30
